Using a Green's function approach, we compare the trajectories of classical Hamiltonian point particles in an expanding space-time to the effectively inertial trajectories in the Zel'dovich approximation. It is shown that the effective gravitational potential accelerating the particles relative to the Zel'dovich trajectories vanishes exactly initially as a consequence of the continuity equation, and acts only during a short, early period. The Green's function approach suggests an iterative scheme for improving the Zel'dovich trajectories, which can be analytically solved. We construct these trajectories explicitly and show how they interpolate between the Zel'dovich and the exact trajectories. The effective gravitational potential acting on the improved trajectories is substantially smaller at late times than the potential acting on the exact trajectories. The results may be useful for Lagrangian perturbation theory and for numerical simulations.
I. INTRODUCTION
An analysis of the trajectories of classical, gravitating point particles in an expanding (Friedman-Lemaître-RobertsonWalker) space-time quickly leads to the conclusion that the comoving displacement of particles from their initial positions is finite in reality even in the limit of infinite times. In sharp contrast, the remarkably successful Zel'dovich approximation [1] asserts that particle trajectories are well approximated by trajectories which resemble inertial motion in a suitable time coordinate, which manifestly leads to unbounded displacements. How can these two approaches be reconciled?
Beginning with the retarded Green's functions of classical point particles in a static and in an expanding space-time, and suitably re-grouping the terms in the point-particle Hamiltonian in an expanding space-time, we derive the effective gravitational potential acting on point particles relative to free Zel'dovich trajectories. The result shows that, while the density field is evolving linearly, this effective potential acts only for a short period of time at early cosmic times. This is a direct consequence of the relation between the initial density contrast and the initial particle velocities enforced by the matter continuity equation. This result may contribute to clarifying the astounding success of the Zel'dovich approximation.
The Green's function approach further allows the construction of an iterative scheme for deriving free particle trajectories in an expanding space-time, which can be solved analytically. These newly derived, improved trajectories interpolate between the free trajectories of the exact cosmological Hamiltonian and the Zel'dovich trajectories. They offer several advantages compared to the Zel'dovich approximation as well as compared to the trajectories of the exact Hamiltonian:
Compared to Zel'dovich, the new trajectories lead to a substantial reduction of the unwanted re-expansion of structures after shell crossing. Compared to the trajectories of the exact Hamiltonian, the effective gravitational potential acting on the newly derived trajectories decays much faster in time than the Newtonian gravitational potential does. For numerical simulations, this may allow to achieve a given spatial and temporal resolution with substantially fewer time steps. The new trajectories may also be helpful for extending Lagrangian perturbation theory (see e.g. [2] [3] [4] [5] [6] [7] and [8] for a review).
We describe the Green's function approach in Sect. 2 and apply it to an analysis of the Zel'dovich approximation in Sect. 3. In Sect. 4, we construct the iterative scheme leading to the new free trajectories, and we summarise our results in Sect. 5.
II. PARTICLE TRAJECTORIES
A. Particles in a static space-time
With the Hamilton function H = p 2 /(2m) of a classical free point particle with mass m in a static space-time, the equations of motion for a free particle read
where x = ( q, p ) is the particle position in phase space. The 6 × 6 dimensional matrix K is called force matrix, J is the usual symplectic matrix
and I n is the n-dimensional unit matrix. The retarded Green's function of the Hamiltonian equations (1) isḠ
see Appendix A. Beginning at the initial position
in phase space, the free solution x 0 (t) evolves as
for t ≥ t i . For a particle moving in a potential v, the potential gradient ∇ q v adds the inhomogeneity
to the right-hand side of Hamilton's equations. Including this inhomogeneity, the phase-space trajectory is The effective Lagrange function for classical point particles in an expanding universe is
where q are now comoving spatial coordinates. The peculiar gravitational potential φ satisfies the Poisson equation
see [9] and Appendix B.
We proceed by transforming the time coordinate t to a dimension-less time coordinate τ = D + − D Since
time derivatives are related by
with the usual definitions
First-order time derivatives thus transform aṡ
where the prime on the right-hand side denotes for now the derivative with respect to the new time coordinate τ rather than the cosmological time t. This time transformation needs to leave the action unchanged, hence
With (7), (10) and (12), this requirement returns the effective Lagrange function
where the new time coordinate is now τ. Finally, we factorise the constant mH i out of the effective Lagrange function, drop the prime on L and replace q by˙ q. Thus, from now on, we shall use
as the effective Lagrange function, with
In the early universe, when the Einstein-de Sitter limit holds, we must have
The effective gravitational potential v appearing in (15) is
and thus obeys the Poisson equation
following from (8) . Since the mean comoving cosmic matter density isρ
with the matter-density parameter Ω mi at the initial time, the Poisson equation (19) is
The canonically-conjugate momentum is
leading to the Hamiltonian
and the Hamiltonian equations of motioṅ
Assuming a vortex-free initial velocity field, we can introduce a velocity potential ψ such thaṫ
Note that ψ must have the dimension of a length since τ is dimension-less. The continuity equation for the cosmic density evaluated at τ = 0 with the initial velocity (25) requireṡ
With δ = δ i D + = δ i (1 + τ) initially, we haveδ τ=0 = δ i and hence the Poisson equation
relating the initial density contrast to the velocity potential ψ. Since g(τ) = 1 at τ = 0, the initial conjugate momentum (22) is identical to the initial velocity,
The retarded Green's function solving the Hamiltonian equations (24) is
with
see Appendix A.
It is important to note that the propagator g qp (τ, τ ) remains finite for τ → ∞ under realistic circumstances. In order to see this, we write
where (9) was used to substitute the scale factor a for τ as the integration variable. The ansatz H = H i a −n shows that the right-hand side of (31) is finite for n < 2, which is satisfied for the matter-dominated era. For an Einstein-de Sitter universe,
The free spatial trajectory of a particle in an expanding spacetime,
shows that the particle can only travel by the finite amount
even in an infinite time.
III. COMPARISON TO THE ZEL'DOVICH APPROXIMATION
In apparently sharp contrast to the result (33), the Zel'dovich approximation [1] asserts that the comoving particle trajectory q(τ) is approximated by
where p (i) is the initial conjugate particle momentum. This approximate inertial motion seems to be in conflict with the Hamiltonian (23) and with our previous conclusion that the Green's function for free Hamiltonian particles in an expanding space-time remains finite for τ → ∞.
In order to see how the Hamiltonian (23) can be reconciled with the Zel'dovich approximation, we re-write it in the form
Since, as we saw before, g(τ) → 1 for τ → 0, the function h(τ) → 0 initially, and the Hamiltonian then resembles that of a particle in static space-time.
We now treat the term h p 2 /2 in the Hamiltonian (36) as an inhomogeneity in the equations of motion. According to the Hamiltonian equations, the inhomogeneity (5) then changes to
Since the free Hamiltonian then equals that of a free particle in static space-time, we can write the solution in terms of the Green's function (3), with t replaced by τ and the particle mass m dropped,
In particular, the spatial trajectory q(τ) is
where
quantifies the deviation from the Zel'dovich trajectory (35). By a partial integration in the first term on the right-hand side, we can re-write (41) as
Since the boundary term vanishes andṗ = −∇ q v, (42) shrinks to
Compared to the inertial Zel'dovich motion (35), the particle thus behaves as if it moved under the influence of an effective force
Early in time, the momentum will be
according to (28), where ψ is the velocity potential introduced in (25). Using the Poisson equations (21) and (27), we can write and
as long as the density contrast grows linearly, δ = D + δ i . The effective force is now
At early times, the phase factor in (48) is near unity and the integrand approximated bẏ
For an Einstein-de Sitter universe, g = a 3/2 , further D + = a = 1 + τ, and
This function drops to zero for a → 1 and a → ∞. It reaches a sharp maximum at
where it rises to 9/10(2/5) 2/3 ≈ 0.49. Even though these results were derived for the Einstein-de Sitter model, other cosmological models show a very similar behaviour because the Einstein-de Sitter limit is generally valid at early times (see Fig. 1 ).
We thus conclude that the effective force accelerating a point particle relative to the inertial Zel'dovich trajectories is small and acts only during a short time interval at early cosmic times. This justifies our evaluating the force field at early times only: at later times, it quickly drops to zero. In addition, the expression (48) explicitly (but approximately) specifies the effective gravitational potential v (Z) eff acting on a Zel'dovich trajectory. Its Fourier transform with respect to the Zel'dovich coordinates q = q
IV. IMPROVED PARTICLE TRAJECTORIES Equation (43) for the deviation from the Zel'dovich trajectory suggests to replace the inhomogeneity (38) by
For free particles, v = 0. Then, according to (6) , the remaining inhomogeneity implies the free solutions
for the spatial trajectory and
for the particle momentum. This is to say, free particles move in an expanding space-time as if they were freely moving in a static space-time with the momentum satisfying (55). The integral equation (55) for the momentum could be solved iteratively, beginning with inserting p = p (i) into the integral as the zeroth-order solution. It can, however, easily be solved analytically after rewriting it as
Beginning with p = p (i) , it is easily seen that (56) is solved by
independent of the cosmological model. Inserting this solution into (54), we obtain the expression
for the spatial trajectories. Writinġ
and integrating by parts on the right-hand side of (58) finally gives
The results for the momentum (57) and the spatial trajectories (60) are shown in Fig. 2 . The improved trajectories (60) fall between the inertial Zel'dovich trajectory and the free trajectories under the cosmological Hamiltonian (23).
As the inhomogeneity (53) shows, the gravitational potential whose gradient accelerates the particles relative to these trajectories is g −1 v rather than v. According to (16), g is growing in time; in an Einstein-de Sitter universe, g(τ) = (1 + τ) 3/2 . At late times, the potential g −1 v is thus substantially smaller than v, showing that perturbations relative to the trajectories (60) are much smaller at late times than those compared to the Zel'dovich trajectories.
The improvement of the free trajectories given by (57) and (60) over the Zel'dovich approximation is illustrated in Fig. 3 . Compared to the Zel'dovich trajectories, the newly derived trajectories offer several advantages. First, they lead to a substantially less blurred final density field, as Fig. 3 illustrates. This was to be expected because the new trajectories improve upon the approximate inertial motion of the Zel'dovich approximation. Second, the effective gravitational potential acting relative to the new trajectories decreases with time faster by a factor of g −1 (or a −3/2 in Einstein-de Sitter) than the potential acting in the cosmological Hamiltonian (23). This implies that numerical simulations based on the new trajectories could approximate exact particle trajectories with fewer time steps. Third, while the effective gravitational potential acting on Zel'dovich trajectories, whose Fourier transform is approximated by (52), mixes the velocity potential ψ at early times with the gravitational potential v at late times, the effective potential acting on the new trajectories is simply g −1 v and thus easier to quantify.
The faster decay with time of the effective potential g −1 v compared to the potential v is possible because part of the time dependence is moved from the potential to the free trajectories, i.e. to the Green's function of the free propagation.
V. SUMMARY
Based on the retarded Green's functions for particles moving in a static and in an expanding space-time, we have derived two essential results:
1. The effective gravitational potential experienced by particles moving on Zel'dovich trajectories acts at early cosmic times and for a short period of time only, until non-linear evolution sets in much later. At the initial time, this effective gravitational potential vanishes exactly because the initial particle velocity is constrained by the continuity equation for the density contrast. This contributes to explaining why the Zel'dovich approximation is so good even though its particle trajectories differ grossly from those expected from the Hamiltonian for point particles in an expanding space-time.
2. The Green's function approach suggests an iteration scheme for free point-particle trajectories in an expanding space-time, which can be solved analytically. The spatial trajectories resulting from this scheme interpolate between the inertial Zel'dovich trajectories and the trajectories of free point particles with the cosmological point-particle Hamiltonian. The effective gravitational potential acting relative to these newly derived trajectories decreases with time much faster than the Newtonian potential does in an expanding space-time.
The trajectories (60) newly derived here may be useful for Lagrangian perturbation theory as well as for numerical simulations, which may be able to achieve a given spatial and temporal resolution with substantially fewer time steps because of the more rapidly decaying effective potential.
